
⑤ 5 15.4/15.5 Triple Integrals
①

· the triple integral:

SSS f(x,y,z)dV
D

We'd like to call this "the 4-1

volume under the graph of of

above the 3-D volume D
"

But we can't visualize4-1

volumes -

so we view it as

"A som of weighted 3-volumes
"



· For this - define the integral @

as the limit of a 3-D

Remain Sum: SSSf(5,6,ZdU
D
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- Approx by 4-D rectangles

andviewtheintegralresolumes"17



· The basic Picture:
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· 3-p Rremana Sum ④
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⑤

& ↑ = y
=gz(X)-Itis

0x
=60,y =dz,0z =f

· Definition of 3-D integral as a
Remann Sum

SSC f(x,1,7)dV =lim [f(x:7;=n)ΔX8y*Z

D
N ->G(Xi,7;2n) t D
-
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Approximationby Remann Sum



·
Iterate the Integral to get exact %

value
b G(X)fz(X,y)

SSSf(.8.5)dv =

S(0x) f(xiziAdzgeD
①

create



* S15.5same idea to yet
Area/Mass/center of Mass/Moments of

Inertice
formulas from Riemann Sum:

Assume D is a 3-D object

withdensity 5 (x,5,t) =massone
· Wolume:Take 5 =1

Vol (D) =him 100X0%0Z
N ->8(Xiyizn) GD

=lim 0Viin
N -& D

V =SSS du v



· Mass: ⑧

Mass (D) =lim[0(: 3; zn)0x0982
manu ma

N -0 (Xi 1;Zn) tD

①Mass
o vol-

NVol

= lim ΔMish
N-Δ D

m =(SS(x,y,t)dV



·Center of Mass (similarly
⑨

X =Mzz,y =Mxz,z =Ma
M

Eg Myz =SSSx5(x,8,z)dV
D Y
Distance to·yz-plane =x

Mxz =SSCy5(x,y,t)
& V

D

Mxy =6SSz5(x,y,z)d
V

D



· KineticEnergy of Rotation

①What is the

KEof rotation
aplowabout axis

at angular velocity
77

>

w =dA? X

KE =him -Misa (nFin
N-8 D

ziwnmozerirnoGinituloxs



Conclude: ꋷ

kE =1I,w2

Eg Ix
=$SS(y*z2) 5(x,y) dr

were
D distance.
to x -axs

2

.not



Radius of Gyration R ꋸ
↑

is defined by theequation

IMw R=2I,w=
Solve for R:

#MwYR
=I,wX

R
=

Iym

R =v



* Example) ꋹ

①Find the volume of
the

tetrahedron D bounded from

above by the plane three

(a,0,0), (0,6,0), (0,0,c), and

on the sides by the

xy-plane, yz-plane, xz-plane

·five
Assvale: a,b,250 poss

nV



· Draw the region ꋺ

Eqfor plane: z =Ax +By+ 2

(0,0,2)=2
=0 + 0 + 2 #

(0,b,0) =0 =0 +Bb +15
(a,0,0) = 0 =Aa +c ꋽ-

*-

zz712· From the

picture we

get limits
ofintegration
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Evolvate by 3 Math 21B integrals

a
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Have: a
- bx+b ꋽ
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* Check: ⑲

The volume of a cone:

*
Any areGA

weight =h)
·W

Volume = -Ah
For Tetrahedron - 2

↑

Vol =5Ah
-5(zab)c

=acheight: "3

Area x>
base ==ab



Main Take Away:The essence

of integration in 3-dimensions
is captured in the following picture

z

"Iy =gz(X)
>x


